
Laminar Flows in Tubes with Step Changes in Cross Section 

A considerable amount of attention has been given to 
the calculation of the velocity profiles and the evaluation 
of the pressure drop in the entrance region of a straight 
duct with laminar How. A majority of the methods of 
calculation employ the boundary-layer assumptions, thus 
neglecting the axial transport of vorticity and assuming 
that the pressure is a function of axial distance only. More 
recently these items have been taken into consideration 
and solutions have been obtained by use of the momentum 
equations and finite-difference methods. A comparison of 
the various methods for a straight tube and a parallel-plate 
channel has been presented by Schmidt and Zeldin (1). 
In all these studies the condition of the flow at the tube 
inlet was considered to be irrotational with the fluid hav- 
ing a uniform axial velocity. When the complete set of 
Navier-Stokes equations was used, r- and 5;-directional 
momentum equations, the solutions showed a Reynolds 
number dependency. For moderate and high Reynolds 
numbers, the irrotational uniform velocity assumption is a 
generally accepted approximation for the conditions pro- 
duced by a sudden contraction into a well-rounded en- 
trance. As the Reynolds number decreases or the change 
in cross section at the entrance to the tube becomes more 
abrupt the How at the tube inlet deviates considerably 
from these entrance conditions and it becomes dependent 
upon the flow configuration upstream. The authors are not 
aware of any published results for laminar How in a tube 
with a step change in cross section. 

The velocity profiles and pressure drop in a straight 
tube with an abrupt change in cross section have been 
studied. The change in section occurred at Z = 0. The tube 
was extended to plus and minus infinity with fully devel- 
oped velocity profiles being assumed at these locations. A 
sketch of the section is shown in Figure 1 where the 
larger tube had a radius twice that of the smaller tube. 

The flow is described by the continuity and the r- and 
5-directional momentum equations. The equations were 
nondimensionalized and the stream function and vorticity 
were introduced to reduce the number of equations and 
eliminate the pressure terms. The resulting set of elliptic 
equations was solved using finite-difference techniques. An 
axial transformation of the following form was used: 
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Fig. 1. Tube configuration 
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s = -  1 - -  ] for - ~ < Z < O  II 1-cz 
where C is an arbitrary positive constant introduced in 
order to obtain a smaller grid pattern in the axial direction 
near the change in cross section. The spacial domain was 
subdivided into a system of 40 equal subdivisions in the 
S domain. 

A logarithmic transformation was used in the radial 
direction with 40 radial subdivisions in the larger tube and 
20 radial subdivisions in the smaller. The transformation 
was selected to yield finer grid spacing at rl and a coarser 
spacing in the vicinity of the center line and the wall of 
the larger tube. Allen’s method was used in the formation 
of the finite-difference equations. The resulting set of 
algebraic equations was solved using a successive over- 
relaxation technique. A complete discussion of the solution 
technique was presented by Wimmer ( 2 ) .  

Computations were made with Reynolds numbers of 
50, 100, 1,000 and 10,000, based upon the larger tube 
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Fig. 2. Axial velocity profiles. 
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diameter. As we mentioned, the majority of previous 
studies have incorporated the boundary-layer assumptions. 
These assumptions are valid only for high Reynolds num- 
ber flows. The results for a Reynolds number of 10,000 
are presented in this note solely for the purpose of pre- 
senting a solution which would approach that obtained by 
making the boundary-layer assumptions. 

VELOCITY 

The axial velocity profiles at several locations are shown 
in Figure 2. The numbers next to the curves indicate the 
nodal column number, and the nondimensional axial loca- 
tion at these locations may be found using Table l. A 
central concavity in the velocity profiles either at or 
shortly downstream from the small diameter tube entrance 
was noted for the three lower Reynolds number flows. 
The concavity decreased as the Reynolds number in- 
creased and was not observed at N R ~  = 10,000. At Rey- 
nolds numbers of 50 and 100 a small area of flow recircula- 
tion was observed in the corner formed by the intersection 
of the vertical wall at 2 = 0 and the wall of the large tube. 
As the Reynolds number was increased the recirculation 
disappeared. In all cases investigated the axial velocity at 
the small tube entrance deviated greatly from that of a 
uniform profile. The development of the center line axial 
velocity is shown in Figure 3. At low Reynolds number 
the effect of the change in section is propagated upstream 
into the large diameter tube. 

PRESSURE DROP 

The total pressure drop in the tube is expressed as the 
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Fig. 3. Center line axial velocity development. 
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Fig. 4. Pressure correction factor. 

Fig. 5. Small tube section pressure correction factor. 

sum of the pressure drop which would occur if the flow 
were fully developed over the entire axial interval &, 
plus a correction factor to account for the change in flow 
caused by the reduction 'in tube radius K .  The total pres- 
sure drop is 

2 

The variation in K with axial location is shown in Figure 4. 
It is readily seen that the pressure drop required to over- 
come the viscous forces on the fluid and increase the 
inertia of the fluid is felt upstream of the location where 
the change in cross section occurs. As the Reynolds num- 
ber is increased, the value of K immediately inside the 
small tube entrance peaks, then decreases slightly before 
increasing to a maximum value. Because of the charac- 
teristics of the flow, the inertial forces, both the axial and 
radial, increase greatly at the small tube entrance. As the 
flow moves downstream, the radial inertial forces decrease, 
resulting in the slight decrease in total pressure drop. As 
one moves further downstream the pressure drop increases 
as viscous forces become more dominant. 

In order to compare the pressure drop results of this 
study with those previously noted ( l ) ,  another pressure 
drop correction factor is presented: 

Po - q z +  - f34 - - z + K  
PfJ2ms NRe' - 

2 

where the reference pressure Po is that at the center line at 
axial location Zf = 0 and the mean velocity and Reynolds 
number are based upon the small tube. None of the flow 
configurations in this study had zero or even low vorticity 
values at the entrance to the small tube. These correction 
factors together with those previously reported are shown 
in Figure 5. As can be seen from this figure the values of 
K from the present study are initially higher than those 
obtained using the entrance conditions of uniform velocity 
and zero vorticity. As one moves downstream this trend is 
reversed. 

- 

NOTATION 

C = transformation constant 
N R ~ ~  = Reynolds number bases on small tube 
N R e  = Reynolds number, 2r2 %/v 
P = pressure 

= area integrated average pressure 
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r = radius 
r1 
r2 
S = transformal axial length 
u = velocity 
urn 
ks 
5 = axial distance 
2 

= radius of smaller tube 
= radius of larger tube 

= mean velocity in large tube 
= mean velocity in small tube 

= nondimensional axial length z/rz 

Greek Letters 
p = density 
v = kinematic viscosity 
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REACTANT 

Stagewise process problems commonly encountered in 
engineering design include the analysis of extractors, dis- 
tillation towers, and reactor cascades. Solutions to these 
kinds of problems which may be resolved into linear 
equations have been established by either analytical or 
graphical techniques. By assuming a constant equilibrium 
or distribution coefficient or by assuming first order re- 
action, the equations become linear permitting the use of 
these standard techniques. If, however, the true nature of 
the equilibrium and/or rate expressions is known, it may 
be far more accurate to use the more rigorous system 
equations, although they may be nonlinear. The most 
popular method for handling stagewise nonlinear proc- 
esses is that of linearizing the equations of the process 
matrix by the Newton-Raphson method. The current work 
is concerned with applying a relatively new technique, 
quasilinearization developed by Bellman and Kalaba ( 1 ) , 
to the finite difference equations of stagewise reaction 
processes. 

PURPOSE OF STUDY 

A recent paper by Kowalczyk ( 2 )  shows that both the 
methods of solution and the analytical results obtained in 
applying finite difference calculus to a series of CSTR's 
are analogous to the solution of differential equations that 
are encountered in plug flow reactors. It is the intention 
of this communication to apply the method of quasilineari- 
zation to the nonlinear finite difference equations of cas- 
caded CSTR's with boundary conditions at different stages 
(split conditions). Let it be known that this. is simply an 
attempt to solve these difference equations by quasilineari- 
zation and not a theoretical proof of its validity or lack 
of validity for this application. The numerical method of 
quasilinearization which has been chosen has two major 
advantages. First of all, nonlinear equations using this 
technique converge rapidly to solutions (i.e., quadratic 

~orrespon~ence this connnunication should be addressed to 
professor Edward N. Ziegler. 
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